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The restricted circular three-body problem is investigated when two of the massive bodies, which are treated as point masses,
move in specified circular orbits in a single plane while the third body of small mass is assumed to be spherically symmetric and
deformable and its centre of mass moves in the plane of the circular orbits of the first two bodies and rotation around the centre
of mass occurs around the normal to the plane of motion of the centre of mass. The energy dissipation accompanying the
deformations of the small, spherically symmetric, deformable body is an important factor affecting the evolution of its motion.
This energy dissipation leads to the evolution of its orbit and angular velocity of rotation. Since it is assumed that the masses of
the two bodies (in the case of the solar system, these could be the Sun and Jupiter) relate as one to p (p. <€ 1), the evolution of
the motion of the deformable body develops in two stages. During the first, “fast” stage of evolution, its orbit tends towards
circular with its centre in the massive body with mass equal to unity, and the rotation is identical to the orbital rotation (a state
of gravitational stabilization, 1:1 resonance). In this case, the body turns out to be deformed (oblate with respect to its poles and
stretched along the radius which joins this body of small mass to the massive body [1, 2]. In the second, “slow” stage of evolution,
the effect of the body with mass p is taken into consideration, which leads to the evolution of the circular orbit of the deformable
body. © 2001 Elsevier Science Ltd. All rights reserved.

1. FORMULATION OF THE PROBLEM. THE EQUATIONS OF MOTION

Suppose two point masses M; and M,, the masses of which are equal to unity and p (. < 1) move in
circular orbits under the action of Newtonian gravitation forces around a common centre of mass O
in the OXY plane. Suppose that OM; = b, OM, = pb, and that the angle a between the OX axis and
the radius vector OM, of the point M, changes according to the law

oft) = -‘—(%3—:1— +0u(0), @3= \E:;

where f is the gravitational constant (Fig. 1).

Further, assume that the centre of mass C of a viscoelastic, deformable, homogeneous sphere of mass
m and density p moves in the OXY plane and that R is the radius vector of the point C. The position
of the points of the sphere is determined by the vector field

£(r.1) = R(t)+ O(t)(r + u(r, 1))
R)=-L] Ur.opdr, [ udx={ rotudr=0, dx = dxdrds; (1.1)
my v v

Here V = {r: |r| <ro} is the domain in E> which is occupied by the sphere in its natural undeformed
state, conditions (1.1) uniquely define the radius vector R(f) of the centre of mass C of the deformable
sphere and the system of coordinates Cxyxxs, relative to which the sphere, in an integral sense, does
not rotate [1]. The operator O(t) = O(¢(t)) defines the transition from the system of coordinates Cxyxyx3
to the Konig system of axes C§£,&; and has the form

cos¢@ -sing 0
O(p)=]singp cos¢p O
0 0 1
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Fig. 1

The kinetic energy of the sphere is represented by the functional

T=—] pdx==] [0"'R+wx(r+u)+a]’pdx
1% 14

ISR

1
2

where o is the angular velocity vector which is defined by the equality @ X (-) = O~'O(") and has the
form

o= ¢e3, €e3= (0, 0, 1)

In accordance with conditions (1.1), we obtain
7=l mR? +lj $2[es X (r+u)i’pdx + | (Pe; x (r+u),u)pdx +lj u’pdx

The potential energy functional has the form

fpdx Kfpdx
n=- - + ¢é[u] 1.2
‘Iz JR, +0@+u)? ¥ (R, +O0(r +u))? (12
R, =M C=R+pbe, R, =M,C=R-be, e=(cosa,sinc,0) (1.3)

lul=] a(l} -ajlig)dx, a>0, O<aj<3
v

E(1-v) , 201-2v)
a=———"— gf="—"—>
20+ v)(1-2v) I-v
/ —)3: e, 11 —23“, (e;e; —e2) e =1 2“_1_,,%
ETS E P/ R A ) ox; ox;
¢[u] is the functional of the potential energy of elastic deformations, corresponding to the classical

theory of the elasticity at small deformations [1], E is Young’s modulus of elasticity and v is Poisson’s
ratio.
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Since |R¢| > |r + u| (k = 1, 2), the integrand in (1.2) can be expanded in series. Restricting the
treatment to terms of the third order with respect to the powers of |r + u|/R, and linear with respect
to |u|/Ry, where R, = |Ry| (k = 1, 2), we obtain

m=-Im_Wm, —kfﬂ {(r,u) - 3(07'R,(, ) (07 'Ryg,u) }pdx +
1V

+ %J {(r,u)=3(07"Ry0.1)(0"' Ry, u)}pdx + Eu]
2V

Here
Rko =Rk /R*, k= 1,2
R, =(R? +2uRbcos® + 1?6y, R, =(R* -2Rbcos® +b*)%

R = |R|, and P is the angle between the vectors OC and OM,.

We write the equations of motion in the form of Routh’s equations, using the canonical Delaunay-
Andoyer variables (I, L, G, @, I, g) which define the motion of the centre of mass of the sphere and its
rotation around that Cx; axis and the Lagrangian variables u(r, £), ux(r, £), us(r, t).

The modulus of the angular momentum vector of the sphere with respect to the system of coordinates
CE;£,8; is defined by the equality

I1=V,T= J3;3(ulo+G, (1.4)
Jylul= [ {eyx(r+w)Ppdx, G, =(es,] [(r+u)xulpdx)
v v

The change from the variables (R, R) to the canonical Delaunay variables (L, G, I, g) is achieved using
the relations [3, 4]

1 - fm 2y
™R T a3)
G? e+cosd G?

l=w-esinw, e= [l-—

cosw = L2

R=_T—'——'q =TT o
fme(l+ecos) I+ecos?

Here e is the eccentricity of the orbit of the centre of mass of the sphere 3, ?, w are the actual, mean
and eccentric anomalies respectively and g is the longitude of the perihelion from the ascending node.
In the Delaunay variables

R=(Rcos(g+7), Rsin(g+9),0), P=g+9-a

The Routh functional is defined by the equality
R = TZ—T() +1I

7‘2=lmk2+lj §’[ey x (r+u)?pdx, To=lj u’pdx
2 2y 2y

By virtue of the transformations (1.4) and (1.5), we obtain

(-G fm® 1, .,
wl 1 dx +
2] 20 A

+ ufm(Rl-R ' )+—f—1 {(r,u)-3(0"'R,0,r)(0”'Ryg, ) }paix +

R, L,G,9,lg0,u,0a]=

WRR R,) R’y

+ ;—’;I {(r,u) = (O ™'Ryy, 1) (0'R g, u) }pdx + E[u] (1.6)
2V
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The functional J33 [u] can be represented in the form of the sum of the moment of inertia of the
undeformed sphere with respect to the C&; axis, the linear part of the functional J3; [u] with respect to
the components of the vector u and the quadratic part of this functional with respect to the components
of the vector n

Jyslu)= A+ JP(ul+ I [u)
=%mr0, J(')[u] ZJ' [(r,u) - (e5,r)(e;, u)]pdx, Jg)[u] f[u —(es,u) Jpdx

The equations of motion of the viscoelastic sphere are written in the form of Routh’s equations

OR . R ; OR ; R . _ R . R

i=-———, =, L=ar—r, Il=—, G==-—, = — .
% T TR} % 573 (@7

rs d \ 3 . 3
‘j,u-zvﬁguv“gnvﬁ@n,Jsunzrotqudx=o, Véu e (W (V) (1.8)

where (W}(V))? is the Sobolev space D[] = x8[] is a dissipative functional and x is the coefficient
of internal viscous friction. The last equation is written in the form of the d’Alembert-Lagrange varia-
tional principle and contains the two undetermined multipliers A;(f) and (), which are generated by
conditions (1.1).

We shall assume that lowest frequency of the natural oscillations of the sphere is far greater than
the angular velocities ®and w;. This means that, for an appropriate choice of the scales of the dimen-
sioned quantities, the numerical value of the modulus of elasticity of the material of the sphere E will
be large and the parameter € = E™! will be small. The displacements u(r, £) after the decay of the natural
oscillations due to the existence of dissipative forces will be proportional to the small parameter ¢

u(r, ) =eu(r,?)

If it is assumed that ¢ # 0, p. = 0, the system of equations (1.7) and (1.8) will describe the evolution
of the motion of a viscoelastic sphere in a central Newtonian force field, subject to the condition that
the orbital plane of the cenfre of mass remains fixed and rotation around the centre of mass occurs
around the normal to this plane. A spatial version of this problem, as well as the above-mentioned special
case, have been studied in [1, 5]. It was shown that, when there is energy dissipation, the deformable
planet tends to a steady motion in which the centre of mass of the planet describes a circle and its
orientation is unchanged in the orbital axes. The rate of this evolution is of the order of ex.

We will now study the case when £ # 0, w # 0 and determine how the existence of a third body
(a planet of mass p) affects the evolution of the motion of the viscoelastic sphere.

2. CONSTRUCTION OF THE APPROXIMATE EVOLUTIONARY
EQUATIONS OF MOTION OF A VISCOELASTIC SPHERE IN THE
RESTRICTED THREE-BODY PROBLEM

Taking account of formulae (1.3), we represent the Routh functional (1.6) in the form

1-G,®* fm® 1, .
=(213 [:x)] _le'; ) w’pdx + Hlp, R, ®,B,u] +$[u) (2.1)
3 14

OP=g+0-0a, Pf=g+0-9¢
H{u, R,®,B,u)= Fy + [ {F(r,u)- /(& r)&,v)-
v

-F[(&, v}, u) + (&, r)(&, w] - F(§,r)(§;, 0)}dx
&, = O"'Ry = (cos B, sin B, 0)

& = 0'e=(cos (B-D), sin(B-P),0)
Fi=F{LR,®), i=0,1,....4
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Hence, the dependence of the functional H on the variables L, G, [, g, ¢ in terms of the functions R,
®, B is achieved using formulae (1.5) and (2.1).

The functions F; (i = 0, 1, ..., 4) can be expanded in series in powers of the small parameter .
Restricting the treatment to terms of zero- and first-order infinitesimals in p, we obtain

Fo=Woi, for=fmR'(qcos ®-p)
Fy = fio+ Wi, fio= PR3, fu =pfR3(p>-3g cos @)
Fa=fo+ Wi fo=3pR3, fr=3pR3 (p*-59 cos @)
F3=Whi fu=3pR3 (q-9p°)
Fy=phy, fa=3pR3q*p>
g=bR", p=(1-2g cos ® +q2)'~2
We will henceforth restrict the treatment to considering a class of quasicircular orbits, that is, orbits

with an eccentricity equal to zero. For this purpose, we will show that Egs (1.7) admit of the set of
solutions indicated below.

Lemma 1. The system of equations (1.7) has, as its solutions, the class of quasicircular orbits when
the eccentricity e(f) = 0.

Proof. Consider the difference L — G we will show that, by virtue of Egs (1.7), the time derivative of this difference
vanishes when e = 0. In fact

-G 5% o~

o . P, db _2bad 235 op_0Jpad_ad

g ' og ol 3va o A odal ol

Next, according to the transformation (1.5)

_Eili= 3 esin® _6_12=(l+ec0$13)'2
A fm’G Tal -ty

When e = 0, we have 3R/al = 0, 39/al = 1. Consequently L~ G = 0. Lemma 1 is proved.

Since, for the class of quasicircular orbits, the Delaunay variables degenerate, it is advisable in this
case to use the canonical Poincaré variables [6]

A=L I'=L-G, A=l+g, y=-g
For the class of quasicircular orbits (e = 0)
I'(1)=0, R=AY/fm®, ®=I, ®=A-a, B=A-0 (22)
The Routh functional in the Andoyer—Poincaré variables has the form

(-G,)* £’
2J550u]  2A?

+ H{y,R,®,B,u}+ E[u]

R A9, A 0,0,0]=

—-l-f u’pdx +
2y

and R, &, B are defined by relations (2.2).
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We represent the equations of motion in the form

jo OR_ _oH_oJH
e [0} Jdo opf
A:—.agl_z—_a—li—z—g_}!___aﬂ (2.3)

P=3A "3 = A Tnml oA
agl 0)3 =f2”l3 aH 0)3

oA 1+p A’ OA 1+p

.. d} I1-G, I1-G, o
{, [(Pu+E{P Tl lesx(l‘+U)]}+P Tyalu) [ey xu]
(I-G,)*
~pr—t—[r+u-—(e;,r+u)e;]+V,H+V €+ V D+, )ou+
J33lul
+ A, rotduldx =0, Vdue (W) (V))* (24)

If ¢ = 0, then u(r, ) = 0 and Eqs (2.3) take the form

j<0, A=-% 4= h beg,- 2 R
=0 A=-5¢ B“"’““"*a/\' ®=a, I+u+8A 25)
Here
1 f*m? f %
W = 0y =5, ‘°3=(b—3 (2.6)

Equations (2.5) describe the motion of a sphere as a rigid body in the classical restricted three-body
problem in the class of quasicircular orbits.

When & # 0, according to the method of separation of the motions [1}, after the decay of the natural
oscillations of the viscoelastic sphere the solution u(r, ) is sought in the form

u(r, ) =euw(r, 2 +...

Here, it is also necessary to seek the
Lagrange multipliers Ay and A, in the form of expansions in powers of &

R,(r)= A|0(f)+ehn(t)+..-
xz(t) = Azo(t)+€x2l(t)+...

The equation for the function u,(r, ¢) takes the form

d{ 1 I? r’
{’ PAreckeld "P'A—z"""P';i‘(ea,l‘)es+F;P‘Fi(50vr)§o—

—~Bl(&, D& +(§.0)&) - F (&, )& + X g 1udx +
+E(V, 8l 1+ V, D, 1,5u) + [ (A5 X n)duds =0 2.7
oV

Gauss theorem

Ihzorot&ldx= I (&XXN)MG
14 oV
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where n is the normal to the sphere surface 9V, was used to obtain the last integral in formula (2.7).
Differentiation with respect to time in (2.7) is carried out by virtue of the “unperturbed” system (2.5)
and, therefore, in Eq. (2.7)

i( Le xr)-—o
alPa® B

Since the work of the elastic and dissipative forces is zero in infinitesimal rotations putting
du = da X rin (2.7), we obtain

| (Ayp xn)(Saxr)dc = %nro’(hm.&x)= 0, VéaeE?
av

whence it follows that Ay = 0. Next, putting du = a, acE>, we obtain from (2.7) that A, = 0.
Hence, the equation for the function u, in the first approximation has the form

2 2

eVEu, + i, ]=p—; r—p%(r,eﬂe; —Fr+ F(&,.rE +

A
+ Fl(&, )& + (&6 1+ Fi(§.r)§,

(2.8)

Here

eVéu]l=- I ( ! Vdivu+Au)
2(1+v)\1-2v

The boundary conditions for the function w, consist of the fact that the stresses on the sphere surface
are equal to zero

o,=0 2.9)
Equation (2.8) can be represented in the form
2 a1,
eVEu, +yu )= Epml r+§pw, Br+ Br

B, =diag{l;1;-2) (2.10)
Byr=-Fr+ F (&, & + Fl(&, 0§ +(§.0)&]+ Fi(§. 0§
B] =B, ,trB, =-3F + F, +2F;cos®+F, =0

The matrices of the operators B, and B, are symmetric matrices with a zero trace.
Since Eq. (2.10) is linear, its solution can be represented in the form of the sum of three functions

up=Up +upt+iyg (2.11)
which satisfy the equations

EVEu,,] = %pw,zr, EVEu,,] = % plBr, eVEu,; + iyl = Bor (2.12)

and boundary conditions (2.9).
The solutions of Eqs (2.12) have the form [7]

2
uy =—§-p0),2[d,r2+d2]r
1 d
u) =“5P“’|2“|20v“|3 "('—X'&?)“m (2.13)

u'jo =a|(Bj_|r;r)r+a2rsz_lr+038"._"-‘ j=2‘3
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d _(1+v)(1-2v) d __(3—v)(l—2v)r2

T 213wy T YT 24-3v)

a = I+v _ {d+v)2+v) _(+v)2v+3)

| = y QY T, Gy = I
S5v+17 S5v+7 Sv+7

The function uy; is represented by the first two terms of the power series in x under the assumption
that xo! < 1 (k = 1, 2, 3). Differentiation with respect to time in the expression for the function uy;
is carried out by virtue of the “unperturbed” system (2.5).

The solution found

u = ¢gu; = &uy, + Uy, + u‘3)
describes the forced oscillations of the viscoelastic sphere. According to the asymptotic method for the
separation of motions [1], this solution now has to be substituted into the right-hand sides of Egs (2.3).
In carrying out the above mentioned procedure, triple integrals over the domain  have to be repeatedly
calculated. We will now formulate a number of assertions which help to simplify these calculations
substantially.
Lemma 2. If

u =—c(dir? + dyr
then

J (r,wydx =3cD,, [ (P,r)(Q,u)dx =cD,(P,Q); b, = -l-(g)—s—nrg(l -2v)
v v

where R, Q are constants which are independent of r.
Lemma 3. If
u = c[a,(Br, r)r + a;r?Br + a;Br]
where B is a symmetric matrix with a zero trace, then

(P, frxudx)=0, [(r,u)dx=0
v v

anr] (1+ v)(9v+13)
P’ k3 = ’ ’ = 0
‘j, (P,r)(Q,u)dx = ¢D,(BP,Q), D, ST

and ¢, P Q, B are independent of r.

Lemmas 2 and 3 are proved by direct evaluations of the integrals over the sphere.

Substituting the solution u = su, into Egs (2.3), a closed system of ordinary differential equations
in the functions /, A, ®, and B is obtained, containing the small parameters &, X, ., which determines
the effect of the forced oscillations of the viscoelastic sphere on its translational ~ rotational motion.
In view of the complexity of these equations, we will represent them in the general form

i=p, A=pP, &=p, B=P, (2.14)
l,k:Pk(l:A’(breyx’p')? k=1'2’3’4

The right-hand sides of system (2.14) are 2w-periodic with respect to the variable ® and are
independent of the variable B. The fourth equation of (2.14) therefore separates from the equations
of this system and can be integrated after the functions [, A, ® from first three equations have been
determined. In the following step, we shall consider the system of the first three equations of (2.14) as
a system with a small parameter p, with fixed values of €, and x. When p = 0, we obtain
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i = 18exDyp’w) (@, - )

A = —18exDyp w3 (W, — @) (2.15)
b = 0, -~ 0, +6exDp’ A 03 (@] +603)

System (2.15) has the solution

1=10), A= A{0), P=wt+DO)
O =0, - 03 +6exD,p 0% (0] +603)/ A(0)
and the initial values I(0) and A(0) are connected by the relation
I0)/A = fm3/(A(0))?
This motion is taken as the unperturbed motion. It corresponds to a state of gravitational stabilization

of the sphere in a circular orbit.
We will seek a solution of the first three equations of (2.14) in the form of expansions

(1, 8]
I=Jy+pN (L) + N (W) + A =Jy + PNy (L) + RN (L) +
O =y + My (LMW T =UTe) @) =03(0)

where the functions Ny, Ny, My (k = 1, 2, ...) are 2w-periodic in the variable { and have zero mean
with respect to this variable.

3L IR pPRAE SR M Yallalh

As functions of time, J;, J,, ¥ are defined by the differential equations
Jy=pA (N +..., D =phy D+, V=) + B, (J)+...
The first approximation equations for the slow variables have the form

oN 0 . .
A” +'a—‘;!"’(1) = —2€xD2{f20 é—\‘?(f&l sm\|l+f4, Sln‘vcos‘l’)((ﬂz —0)3)—

0w 0w of;
B Wbt N Sbad § Zo
f:zo(a’2 21 YA N”+6J2)}

N ) d 2
A, +—a—\|2’lm=-aL$-+€Dzw{Pmlzfu "‘S‘fzole +

(2.16)
4 11
*3 Joofzcosy+ fzo.ﬂl(g""z'cosz\v)} +

+2exD2{f20 a—i’-(]g, siny + £, sin W cos Y¥) (W, — ;) ~

_p2[ 90y 90y Uy
f’"( 3, Ty, Mty

To determine the functions 4,,(J) and Ay (), it is necessary to average the right-hand sides of system
(2.16) over the angular variable . As a resuit, we obtain

P ] 2
Ay, =—Ay =26xDa f < 'a_fﬁzl“ > ((') ™ i[) (')d‘l’)
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The approximate equations, describing the evolution of the variables I and A, are as follows:

J, = -4, = 36gxup* D,w3a(q)

2

l-gcoswy fim? _b fw, % _ fm’b (2.17)

a(g) = T %) W, = y q_-E__ —2 = 2
(1-2gcosy+q~)? 2

Taking account of the relations

j2=m _f—b—y .=-2—q—j2
Uq Ja

from (2.17) we obtain the differential equation

. 0, . 720°f’D, . o
q=&Yung alq), n= T >u (<.10)

for the dimensionless variable q.

Graphs of the function a(g) are shown in Fig. 2. When ¢ = 1, the integral, which determines the
function a(g), diverges. Since, g = —bR ™R, then R < O when R > b and R > 0 when R < b. This means
that the orbit of the deformed viscoelastic sphere approaches the orbit of a body of mass . In this
approximation, the angular velocity w, tends to the angular velocity »; and the variable @ ceases to be
a fast variable, which does not allow us to use the scheme of the asymptotic method which has been
adopted above.

Graphs of the function g = g(t), obtained by integrating Eq. (2.18) under the assumption that the
coefficient expn = 1, are shown in Fig. 3. If, at the initial instant of time g(0) > 1 (inner planets), g
decreases and tends to unity while, if g(0) < 1. g increases and also tends to unity. As g approaches
unity, the rate of evolution increases, since the corresponding integral on the right-hand side of Eq (2.18)
diverges when g = 1.

If w, and w; are close to one anther, this means that the deformed sphere during its motion in the
orbit periodically comes close to the body of mass w and the problem arises of their mutual capture
with the formation of a binary planetary system, similar to the Earth~-Moon system. The Sun-Jupiter
system can serve as an example of such a situation in the Solar system and the deformable planets are
the numerous satellites of Jupiter which have experienced capture by Jupiter during the evolution of
their orbital motions around the Sun. The same considerations apply to the Sun-Saturn system where
Saturn has numerous satellites.

W l.l)

0 0.5 1.0

q
~1.0 | 1 |
1 2 4 q

Fig. 2
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